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Creation of excitations from a uniform impurity motion in the condensate
Jun Suzuki
Graduate School of Information Systems, The University of Electro-Communications, Tokyo 182-8585 Japan
(Dated: July 27, 2018)
We investigate a phenomenon of creation of excitations in the homogenous Bose-Einstein con-
densate due to an impurity moving with a constant velocity. A simple model is considered to take
into account dynamical effects due to motions of the impurity. Based on this model, we show that
there can be a finite amount of excitations created even if velocity of the impurity is below Landau’s
critical velocity. We also show that the total number of excitations scales differently for large time
across the speed of sound. Thus, our result dictates the critical behavior across Landau’s one and
validates Landau’s institution to the problem. We discuss how Landau’s critical velocity emerges
and its validity within our model.
PACS numbers: 67.85.De, 67.25.dt
I. INTRODUCTION
Superfluidity has been one of fascinating phenomena in
condensed matter physics, and has still remained as the
central subject of research since its discovery. There exist
various definitions and criteria whether given a system
exhibits superfluidity or not, see for example Ref. [1].
It was Landau who gave a major breakthrough to un-
derstand this phenomenon based on the phenomenologi-
cal theory, known as the two-fluid model. In his seminal
paper in 1941, he also gave a simple yet powerful argu-
ment to determine a critical speed below which a fluid
can move without any dissipation [2, 3]. This critical
speed, called Landau’s critical velocity, is defined by
vcritical = min
~p
(
ǫ(~p)
|~p|
)
, (1)
where ǫ(~p) is an excitation spectrum of the fluid, and ~p is
the momentum of excitations in the fluid. When this crit-
ical velocity is non-zero, the fluid supports dissipation-
less motion and hence, the phenomenon of superfluidity
occurs. As an example consider a fluid whose excita-
tion spectrum is linear in the momentum p = |~p|, i.e.,
ǫ(~p) = csp, the above critical velocity is equal to the
speed of sound of the fluid cs.
The above critical velocity was originally obtained for
relative motion of a fluid with respect to a container.
Similar argument holds when considering a motion of an
impurity (an obstacle) in the fluid and one can show that
if the impurity moves slower than Landau’s critical veloc-
ity, the fluid cannot be excited, see for example, Ref. [4].
This implies that an impurity in a fluid can move without
friction if its velocity is below Landau’s critical velocity,
thus phenomenon of superfluidity. In fact, two kinds of
forces to show the superfluidity need to be distinguished:
One is a drag force onto the fluid when it moves against
the impurity, and the other is a force acting on the im-
purity from the fluid. These two forces may or may not
be same depending on details of a given model, i.e., a
motion of the impurity, a coupling between the fluid and
the impurity, and so on.
Other aspect of Landau’s critical velocity is to infer
the stability of a fluid as Landau discussed in his pa-
per originally. Above this critical velocity, there can be
dissipation resulting in a unstable configuration for the
fluid. This instability is usually referred to as Landau’s
instability. There exists more refined instability criterion
from analysis of the solution to non-linear partial differ-
ent equations. Recently, Kato and Watabe proposed a
unified criterion for the stability of a fluid based on the
scaling behaviors of the autocorrelation function of the
local density [5, 6]. As will be discussed later, some of
our results agree with theirs, whereas we are asking a
different question and are examining a different physical
quantity.
It is important to remind ourselves the following fact
regarding Landau’s argument: That is his derivation is
purely kinematical and classical. There is no guaran-
tee that we can apply it to understand dynamical and
quantum aspects of this phenomenon. Another remark
is that the Galilei invariance is a crucial assumption for
the derivation and one cannot a priori apply this criterion
for imhomogeneous systems.
Bose-Einstein condensates (BECs) are expected to
show a phenomenon of superfluidity and there have been
experimental efforts to examine superfluidity of BECs [7–
11]. However, the results were rather surprising showing
the critical speed was much below Landau’s one. There
were many theoretical analyses on this issue in past to un-
derstand this discrepancy [12–17]. Due to the experimen-
tal limitation, indeed some of assumptions in Landau’s
derivation are not satisfied and thus one needs to ana-
lyze many-body problem directly to calculate real criti-
cal velocity if it exists. Drag forces onto BECs when an
impurity is immersed were also studied in Refs. [18–21].
In Ref. [18], it was concluded that there could be a finite
drag force onto BECs at arbitrary small velocity [18–21].
If this statement is true, Landau’s criterion is incorrect
and BECs cannot show superfluidity in the traditional
sense explained in textbooks.
It is our main motivation here to examine in which
sense and under what conditions Landau’s criterion be-
comes meaningful and one can use it to check the onset
2of superfluidity. Through this analysis we also wish to
resolve some of disagreements in the previous studies.
For this purpose, we ask a simple, yet a fundamental
question: How many Bogoliubov excitations (bogolons)
are created from a single impurity moving with a given
constant speed v in BECs. In this paper, we analyze a
point-like impurity immersed in the homogeneous BEC
with spatial dimension three. To concentrate on the ef-
fect of impurity only, we consider the system of the con-
densate with the impurity at zero temperature in the
thermodynamic limit. Since this is the situation where
impurity version of Landau’s criterion seems to hold, one
expects: There cannot be any excitations created in BEC
for v < cs where cs is the speed of sound of the BEC.
As will be analyzed in this paper, this naive intuition is
incorrect and finite amount of bogolons are created at
all velocity below the speed of sound. However, we also
show that its scaling behavior in time completely changes
across Landau’s critical velocity. In this way, we give a
different interpretation of Landau’s critical velocity for
the BEC, which was not addressed before.
This paper is organized as follows. Sec. II summa-
rizes the model of impurity motion in the BEC and its
solution. We then analyze asymptotic behaviors of exci-
tations created in the BEC in Sec. III and comparisons
with numerical analyses are also discussed. Sec. IV dis-
cusses and compares our results with previously known
results. We close the paper with brief summary and out-
look in Sec. V.
II. IMPURITY MODEL AND CREATION OF
BOGOLIUBOV EXCITATIONS
We consider a weakly interacting homogeneous con-
densate at zero temperature. The system is described by
the Bogoliubov Hamiltonian [22]:
HB =
∫
d3x ψˆ†(~x, t)(−~
2~∇2
2M
)ψˆ(~x, t)
+
g
2
∫
d3x ψˆ†(~x, t)ψˆ†(~x, t)ψˆ(~x, t)ψˆ(~x, t), (2)
where M is the mass of bosons, g is the coupling con-
stant between bosons, and ψˆ(~x, t) is the free boson field
operator satisfying the equal-time canonical commuta-
tion relationship. To describe effects of an impurity in
BEC, we analyze the following interaction Hamiltonian,
Hint = gi
∫
d3x ρi(~x− ~ζ(t))ψˆ†(~x, t)ψˆ(~x, t). (3)
Here gi is the coupling constant between bosons and the
impurity, ρi(~x) is the density of the impurity at position
~x, and ~ζ(t) is a given trajectory for the impurity. This im-
purity model cooperates the effect of local density-density
interaction between the massive bosons and the impu-
rity. For a point-like impurity, we use an approximation
ρi(~x) = δ(~x) to simplify the result. The effect of impurity
size will be discussed in Sec. IV.
In the presence of condensation in the ground state, the
total Hamiltonian, H = HB+Hint can be simplified using
the standard Bogoliubov transformation and truncation
approximation. After simple manipulation, we obtain the
effective Hamiltonian in the large N and V limit with the
fixed density n = N/V as
H ≃ E0 +
∑
~k
~ωkbˆ
†
~k
bˆ~k
+
∑
~k
ngi√
N
√
ǫk
~ωk
(
ρi(~k, t)bˆ
†
~k
+ ρi(~k, t)
∗bˆ~k
)
, (4)
where neglected terms are smaller than N−1. In the
above expression, bˆ†~k
and bˆ~k are the creation and anni-
hilation operator describing Bogoliubov excitations (bo-
golons) without impurity, ǫk = (~k)
2/2M is the disper-
sion relation for free bosons, ωk = kcs
√
1 + (kξ)2 is the
excitation frequency for the bogolon, and ρi(~k, t) is the
spatial Fourier transformation of the impurity density,
i.e., ρi(~x − ~ζ(t)). The constants, cs =
√
gn/M and
ξ = ~/(2Mcs) are the speed of sound and the coherent
length for the BEC without impurity, respectively, and
E0 describes the ground state energy without impurity.
Thus Landau’s critical velocity defined by Eq. (1) is equal
to the speed of sound cs. The homogeneous condensate
corresponds to the Fock vacuum for the bogolons,
bˆ~k|bec〉 = 0 ∀k 6= 0. (5)
This impurity Hamiltonian can be diagonalized for any
given impurity trajectories by using a time-dependent
unitary transformation, and we can evaluate observable
quantities [23]. Let us denote the creation and anni-
hilation operators diagonalizing the Hamiltonian (4) by
cˆ†~k
and cˆ~k, respectively. Then the effective Hamiltonian
reads H ≃ E′0 +
∑
~ωkcˆ
†
~k
cˆ~k. These cˆ
†
~k
(t) and cˆ~k(t) de-
scribe excitations in the BEC dressed by the impurity
motion. One of fundamental quantity is the expectation
value of the occupation number in mode ~k at later time
t with respect to the homogeneous condensate, i.e.,
n~k(t) = 〈bec|cˆ†~kcˆ~k|bec〉. (6)
One can show that this number is same as the expectation
value of bˆ†~k
bˆ~k with respect to the Fock vacuum for cˆ~k.
The occupation number is calculated by assuming that
the system is in the ground state, i.e., the homogeneous
BEC, at initial time t0 as
n~k(t) =
ng2i
V ~2
ǫk
~ωk
|I~k(t)|2, (7)
I~k(t) =
∫ t
t0
dt′ρi(~k, t
′) eiωkt
′
. (8)
3As stated in Introduction, we focus on a creation pro-
cess of bogolons from an impurity moving with a constant
speed v along a fixed direction, say z-axis. The trajectory
is ~ζ(t) = (0, 0, vt) for t ≥ t0 at which the impurity starts
to move. We analyze time-dependence of bogolons emit-
ted in the BEC. For this case, ρi(~k, t) = exp(−i~k·~vt) holds
and we can carry out the time integral in (8). The num-
ber of bogolons created in a solid angle dΩ within a time
interval t, i.e., later time measured from t0, is calculated
in the thermodynamic limit (replacing the summation by
k integral) as
dN (v, t)
dΩ
=
∫ ∞
0
dk
(2π)3
k2 V n~k(t)
=
2ng2i
(2π)3~2
∫ ∞
0
dk k2
ǫk
~ωk
1− cos[(ωk − ~k ·~v)t]
(ωk − ~k ·~v)2
,
(9)
with ~v = (0, 0, v) the velocity of the impurity. The total
number of created bogolons at time t is then obtained by
integrating over the angle variables as
N (v, t) =
∫
dΩ
dN (v, t)
dΩ
, (10)
which is equivalent to
∫
d3k/(2π)3 V n~k(t). This numberN (v, t) counts the total number of excitations created in
the BEC due to the impurity and this is the quantity of
our main interest in the rest of paper.
Before passing to the next section, we have several re-
marks. First, the initial condition is such that impurity
was absent before time t0. This is contrast to the situ-
ation where the interaction Hamiltonian is adiabatically
switched off with the standard adiabatic factor exp(ηt),
where a positive parameter η goes to 0 at the end of cal-
culations. Second, the total occupation number (10) is
well-defined for the singular point ωk−~k ·~v = 0 in the de-
nominator of the integrand. This integral also converges
for short wave length and thus no subtraction is needed.
Thus, this quantity is easily evaluated numerically with-
out any artificial cut-offs. Third, this creation process
is not obtained within the linear response thoery, since
N (v, t) is proportional to the square of the coupling con-
stant gi. We give analysis of effects within the standard
linear response theory in Sec. IV. Last, from the above
integrals (9,10) one does not expect these integrals to
vanish for a static impurity (v = 0). This means that a
point-like obstacle pinned at some position can excite the
BEC without any motion. We thus need to distinguish
this effect, referred to as the static effect from dynami-
cal effects due to the motion of impurity in the following
discussion. This matter will be discussed in Sec. III C 3
III. RESULTS
In this section, we give detail analysis on the integral
(9,10) for large time t limit. In the following we measure
time and length in units of the speed of sound and the
coherence length to simplify notations unless noted ex-
plicitly. That is, time and length are in units of ξ/cs and
ξ, respectively. The speed of impurity is normalized by cs
and we use the notation β = v/cs. With this convention,
for example, the integral (9) reads
dN (β, t)
dΩ
=
N0
2π
∫ ∞
0
dk
k3√
k2+1
1− cos[(k√k2+1− ~k·~v)t]
(k
√
k2+1− ~k ·~v)2 , (11)
with N0 a dimensionless constant defined by
N0 = ng
2
i
8π2ξ3(Mc2s)
2
. (12)
As we see from the above expression, the integrand
decays for large k while the numerator oscillating in k.
The asymptote of this integral is examined by applying
the method of stationary phase with singular boundary
conditions [24]. Before going to asymptotic analysis, we
first evaluate infinite time limit reproducing the previ-
ously known result. One of main interest is to see how
finite time result merges to the infinite time limit. Fol-
lowing the infinite time limit analysis, we give thorough
asymptotic analysis together with numerical analysis.
A. Infinite time limit
When the impurity moves from the initial time t0 to
infinity remote future, we can use the formula limt→∞(1−
cosωt)/ω2t = πδ(ω) for the integral (9) to get
lim
t→∞
1
t
dN (β, t)
dΩ
=
N0
2
∫ ∞
0
dk
k3√
k2 + 1
× δ
(
k
√
k2 + 1− kβ cos θ
)
=
N0
2
√
(β cos θ)2 − 1 Θ(v cos θ − 1),
(13)
where θ is the angle between ~k vector and z-axis and
Θ(x) is the Heviside step function. This limit, the left
hand side of Eq. (13), represents the average number of
bogolons created in infinite time limit within the solid
angle dΩ, or it is the steady-state excitation rate at angle
dΩ [25]. Owing to the Heviside step function Θ(β cos θ−
1), bologons can be created if and only if β ≥ 1 ⇔ v ≥
cs and in this case the emission occurs only within the
forward cone; |θ| ≤ θc = cos−1(β). Another important
consequence for the case β > 1 is that existence of cut-off
given by kc =
√
β2 − 1 above which no excitations are
possible.
The total average number of bogolons, i.e., the steady-
state excitation rate, is then obtained by integrating over
4angles as
lim
t→∞
1
t
N (β, t)
=
πN0
2β
[
β
√
β2 − 1− log(β +
√
β2 − 1)]Θ(β − 1). (14)
This result shows that the average number of bogolons
created due to the impurity is non-zero if and only if the
speed of impurity exceeds the speed of sound cs. An intu-
itive argument for this result is that, in this infinitely time
limit, no dynamics plays important role and hence only
kinematically permitted processes can happen. From this
expression (14), we see that limt→∞N (β, t)/(N0t) be-
haves as (π
√
8/3)(β − 1)3/2 for β sufficiently close to 1,
i.e., 0 < β− 1≪ 1. Thus Eq. (14) and tis first derivative
approach to zero as β → 1 from above, whereas higher
derivatives diverge as β → 1.
We note that this result was obtained by several au-
thors for different models and different approximations.
The easiest way to obtain it is to calculate the decay
rate using the Fermi’s golden rule within second order
approximation in the interaction Hamiltonian [4]. Phys-
ical mechanism of this process is in fact same as the
Cherenkov radiation known in quantum electrodynam-
ics; a charge particle moving with a uniform velocity cre-
ates radiation when its speed exceeds an effective speed
of light in some medium. This “Cherenkov radiation”
in the homogeneous BEC was also studied previously,
for example [26, 27]. Lastly, we comment that we are not
examining radiation but the number of created bogolons.
Two quantities are, of course, related to each other, yet
they provide quantitatively different behaviors in general
[28].
B. Asymptotic analysis
We now analyze the integral (11) for large t. For this
purpose, we define the following integral:
I(υ, τ) =
∫ ∞
0
dk
k√
k2 + 1
1− cos[k(√k2 + 1− υ)τ ]
(
√
k2 + 1− υ)2
=
∫ ∞
1
dκ
1− cos[√κ2 − 1(κ− υ)τ ]
(κ− υ)2 , (15)
where the second integral representation is obtained with
the change of variable κ =
√
k2 + 1. With this definition,
the anglar distribution of created bogolons is expressed
simply as
dN (β, t)
dΩ
=
N0
2π
I(β cos θ, t). (16)
We analyze large τ asymptotic behaviors of the integral
(15) for a given value of υ. Define the following function
appeared in argument of cosine function by
φυ(κ) =
√
κ2 − 1(κ− υ), (17)
then asymptote of the integral (15) depends on whether
or not the denominator of the integrand and the deriva-
tive of Eq. (17) vanish during the integration over κ [24].
Since the first order derivative of φυ(κ) is
φ′υ(κ) =
d
dκ
φυ(κ) =
2κ2 − υκ− 1√
κ2 − 1 , (18)
we observe the following three cases need to be analyzed
separately; (a) υ < 1, (b) υ = 1, and (c) υ > 1.
1. Case (a): υ < 1
The denominator of (15) and the first order derivative
do not vanish for all values κ ≥ 1. Then the integra-
tion by parts gives a proper asymptotic expansion of the
integral and the result is
I(υ, τ) = (1− υ)−1 + (1− υ)−4τ−2 +O(τ−4). (19)
Here, neglected terms are expressed as the largest order
by O(τ−s).
2. Case (b): υ = 1
This case is critical in some sense from the asymptotic
analysis point of view. This is because the denominator
of the integrand and the derivative Eq. (18) vanish at the
integration boundary κ = 1. With a refined version of
the method of stationary phase, the major contribution
is due to the boundary κ = 1 ⇔ k = 0, i.e., zero mode.
The result is
I(υ, τ) = 2−2/3Γ(1/3)τ2/3 +O(τ−1/3), (20)
where Γ(x) denotes the gamma function. Thus the inte-
gral I(υ, τ) diverges as τ approaches to infinite.
3. Case (c): υ > 1
The last case needs further care due to appearance of
several singularities in the derivative Eq. (18). Let κ±
be the solution to 2κ2 − υκ − 1 = 0 with a convention
κ+ > κ− (The relation υ > κ+ holds in this case.), and
divide the integration interval of (15) into three parts as
Ij(υ, τ) =
∫
Dj
dκ
1− cos[φυ(κ)τ ]
(κ− υ)2 , (21)
with
D1 = [1, κ+], D2 = [κ+, υ], D3 = [υ,∞). (22)
5Asymptotes of the integrals Ij(υ, τ) can be evaluated
separately as follows. Firstly, we have
I1(υ, τ) = (υ − κ+)−1 − (υ − 1)−1
− (υ − κ+)−2
√
π
2φ′′υ(κ+)
cos[φυ(κ+)τ + π/4]
τ1/2
+O(τ−1). (23)
The major contribution to the integral here is the bound-
ary κ = κ+ and the other boundary κ = 1 gives
terms of order τ−5/3. We remind κ = κ+ ⇔ k =√
υ2 − 4 + υ√υ2 + 8/√8 corresponds to the stationary
point of the integral, i.e., φ′υ(κ+) = 0.
Secondly, we obtain
I2(υ, τ) = −(υ − κ+)−1
− (υ − κ+)−2
√
π
2φ′′υ(κ+)
cos[φυ(κ+)τ + π/4]
τ1/2
+
π
2
√
υ2 − 1 τ +O(τ−1). (24)
The term in the second line is due to the boundary at
κ = κ+ and the first term of the last line is due to κ = υ.
Apparently, the latter term dominates the integral and
the stationary point does not contributes significantly.
Lastly, we have
I3(υ, τ) =
π
2
√
υ2 − 1 τ+O(τ−1). (25)
Adding three integrals we obtain asymptote for the
case (c) as
I(υ, τ) = −(υ − 1)−1 + π
√
υ2 − 1 τ+O(τ−1). (26)
C. Creation of bogolons
1. Anglar distribution of created bogolons
Angular distribution of created bogolons at large time
t ≫ 1 is thus obtained depending upon the value of
β cos θ as
2π
N0
dN (β, t)
dΩ
=


(1− β cos θ)−1 + (1− β cos θ)−4 t−2
for β cos θ < 1
2−2/3Γ(1/3) t2/3 for β cos θ = 1
π
√
(β cos θ)2 − 1 t− (β cos θ − 1)−1
for β cos θ > 1
.
(27)
From this result, we observe that the average number of
created bogolons, i.e., dN (β, t)/tdΩ, approaches to the
infinite time limit (13). Its convergence is polynomial in
time and hence rather slow. In this limit, however, one
looses different scaling behavior in time across the value
β cos θ = 1. This shows that the infinite time limit t→∞
does not commute with the limit for β cos θ approaching
to 1. We observe that the appearance of clear forward
cone as predicted by (13) does not show up in finite time
analysis. Because of −1 ≤ cos θ ≤ 1, the speed of impu-
rity needs to exceed the speed of sound in order to see
different scaling behaviors, otherwise one only observes a
simple decaying behavior.
2. Total number of created bogolons
We analyze the asymptotic behavior of the total num-
ber of bogolons created in the homogenous BEC. When
the speed of impurity v is smaller than cs, we can simply
integrate the result (27) over angles. When β ≥ 1, we
need further analysis which is similar to the one used in
the previous subsection. In the following we only show
the result with leading orders without details. The result
is
N (β, t)
N0 ≃


1
β
log(
1 + β
1− β )−
2
3
β2 + 2
(1− β2)3 t
−2
for β < 1
2
3
γ +
7
3
log 2 +
2
3
log t for β = 1
π
2β
[
β
√
β2 − 1− log(β +
√
β2 − 1)
]
t
+
1
β
log
(β + 1
β − 1
)
for β > 1
,
(28)
where γ ≃ 0.577 is the Euler’s constant. This quantity
(28) counts the transient Bogoliubov excitations and we
see that it approaches to the steady-state rate (14) in the
limit limt→∞N (β, t)/t for any given value of impurity
speed β.
As we can see from the expressions (27) and (28), di-
vergent behaviors occur when β cos θ and β approaches
to 1 from both sides. This is due to the fact that we
are examining asymptotic behavior in large time t for a
given value of β. To see the asymptotic behaviors near
β = 1, we expand the integral (10) as a function of β
around 1 and then examine its asymptotic behavior of
expansion coefficients separately. Similar analysis yields
for sufficiently small |β − 1| ≪ 1:
1
N0 N (β, t) =
2
3
γ +
7
3
log 2 +
2
3
log t
+
[
1
2
− 2
3
γ − 7
3
log 2 + 2−2/3Γ(1/3) t2/3
]
(β − 1)
+O((β − 1)2). (29)
In this way, we observe smooth transition across β = 1.
This matter near β = 1 is also analyzed numerically in
the next subsection.
63. The static effect
As mentioned in remarks of the last section, we analyze
the static effect due to a pinned point-like impurity in the
BEC. Setting v = 0, i.e., Nstat(t) = N (β = 0, t), we have
Nstat(t)
N0 = 2
∫ ∞
0
dk
k
(k2+1)3/2
(
1− cos[k
√
k2+1t]
)
.
(30)
Similar asymptotic analysis gives
Nstat(t)
N0 = 2 + 4t
−2 +O(t−4). (31)
Thus we can interpret the constantN0 defined in Eq. (12)
as twice the number of created bogolons when one insert
a single impurity in the homogeneous condensate. This
contribution should be subtracted when one is interested
only in effects due to motions of impurities. We note that
this number can also be interpreted as condensate defor-
mation due to an impurity immersed in the homogeneous
BEC [29–31].
D. Numerical analysis
We numerically evaluate the integrals (9,10) for sev-
eral values β and t. Here we have two choices of plotting
figures for created bogolons. One is to plot average num-
bers of created bogolons, as a function of speed of the
impurity for a given value of time, and the other is as a
function of time for a given impurity speed. The former
manner of plotting has been used in the previous studies,
yet we claim in this paper that this is not a proper way to
analyze the critical behavior in β. In this case, as shown
in FIGs. 1, 2, one can only observe smooth curves around
β = 1 for any finite values of t. The latter manner, on the
other hand, captures the critical behavior across β = 1 in
the large time regime. To make our discussion clear, we
present these two methods separately. For all figures, we
subtract the static effect (β = 0) as mentioned in III C 3.
FIG. 1 shows the average number of bogolons cre-
ated as a function of β cos θ, i.e., the integral (9) di-
vided by time t, for four different values of time: cst/ξ =
1, 10, 100, 1000. The number of excitations is measured
in units of N0/2π. To compare it with the ideal case, i.e.,
infinite time limit, we also plot the result (13) which is
shown by the grey line. The division by time and hence
to plot the average number is important in order to com-
pare the result with the infinite time limit case.
It is clear from FIG. 1 that one does not see non-
analytic behavior any values of finite time. This is seen
clearly in the inset of FIG. 1.
In FIG. 2 we plot the average total number of created
bogolons as a function of β, for four different values of
time: cst/ξ = 1, 10, 100, 1000. The number of excitations
created in the BEC is measured in units of N0 here. We
plot the ideal case (14) for a comparison and this is shown
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FIG. 1: The angular dependence of average number of created
bogolons (9) divided by time as a function of β cos θ for four
different values of time: cst/ξ = 1(◦), 10(△), 100(), 1000(•).
The grey line represents the infinite time limit (13). The
number of excitations is measured in units of N0/2pi.
by the grey line. FIG. 2 shows the dependence on the im-
purity speed from 0 to 2.5, and the inset does around the
value β = 1. Although we see large time cases approach
to the infinite time limit in FIG. 2, one never get non-
analytic behaviors. This matter can be seen more clearly
in the inset of FIG. 2. To compare our asymptotic result
(29) with the numerical analysis, asymptotes are plotted
in the inset showing good agreements except for t = 1
which is not to be regarded as large value.
é é é é é é é é é é
é é é é é
é é é
é é é
é é é
é é
é é
é é
é é
é é
é é
é é
é é
é
é
é
é
é
é
é
é
é
é
é
óóóóóóóóóóóóóó
óóóó
óó
óó
óó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ó
ããããããããããããããããããããã
ãã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
ã
è è è è è è è è è è è è è è è è è è è è è è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
0.0 0.5 1.0 1.5 2.0 2.5
0.0
0.5
1.0
1.5
2.0
2.5
vcs
A
ve
ra
ge
to
ta
ln
u
m
be
ro
fc
re
at
ed
bo
go
lo
ns
cstΞ=1HéL, 10HóL, 100HãL, 1000HæL, ¥H-L
ééééééé
ééééééé
ééééééé
ééééééé
ééééééé
éééééé
óóóóóó
óóóóóó
óóóóó
óóóóó
óóóóó
óóóóó
óóóóó
óóóó
ãããããããããããã
ããããããããã
ããããããã
ãããããã
ããããã
ãã
èèèèèèèèèèèèèèèèèèèèèèèèè
èèèèè
èèèè
èèè
èèè
è
0.96 0.98 1.00 1.02 1.04
0.00
0.05
0.10
0.15
FIG. 2: The average number of created bogolons (10) divided
by time as a function of β = v/cs for four different values
of time: cst/ξ = 1(◦), 10(△), 100(), 1000(•). The grey line
represents the infinite time limit (14). The number of exci-
tations is measured in units of N0. In the inset, the solid
lines with corresponding colors show asymptotic result given
by Eq. (29).
FIG. 3 shows the numerical analysis of the total
7number of created bogolons as a function of time for
six different values of impurity speed: β = v/cs =
0.5, 0.8, 0.9, 1, 1.1, 1.2. Excitations are measured in units
of N0 and both axes are shown in logarithmic scale.
Asymptotic results (28) are also shown as solid curves.
From this result we observe validity of asymptotes ob-
tained in Sec. III C 2, in particular Eq. (28). Importantly,
we numerically confirm that scaling in time changes com-
pletely depending on the value of impurity speed across
β = 1, that is from constant, logarithmic, and then to
linear. This different scaling behaviors confirm the crit-
icality and Landau’s critical velocity v = cs is indeed
critical in this sense.
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FIG. 3: The total number of created bogolons (9) as a function
of time t for six different values of impurity speed: β = v/cs =
0.5(◦), 0.80(△), 0.9(), 1(•), 1.1(N), 1.2(). Asymptotic analy-
sis for large t (28) are shown by solid curves with correspond-
ing colors. The number of excitations is measured in units of
N0.
To see asymptotic behavior near the critical velocity
β = 1, we analyze the total number of created bogolons
for β = v/cs = 0.99, 1, 1.01 in FIG. 4. There, we show
asymptotes (28) by dotted curves and asymptotic anal-
ysis around β = 1 (29) by solid curves. This figure con-
firms that our asymptotic analysis is correct as time cst/ξ
becomes large even near the critical velocity. FIG. 4 also
shows transition in better approximations from Eq. (29)
to Eq. (28) as time gets larger. For relatively small time
intervals, the asymptote (29) fits quite well and then the
asymptote (28) becomes valid approximation for large
time intervals as is expected. Similar behaviors can be
observed other values of impurity speed near β = 1.
IV. DISCUSSIONS
In this section, we discuss our results in detail and
compare with previous studies.
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FIG. 4: The total number of created bogolons (9) as a func-
tion of time t near critical velocity β = 1 for three different
values of impurity speed: β = v/cs = 0.99(◦), 1(△), 1.01().
Asymptotes (28) are shown by dotted curves and asymptotic
analysis around v = cs (29) are shown by solid curves. The
number of excitations is measured in units of N0.
A. Further analysis of results
1. Creation of excitations from slow impurity motion
We analytically and numerically confirm that there ex-
ist Bogoliubov excitations (bogolons) created when an
impurity moves in the condensate with arbitrary constant
velocity v even below the speed of sound cs, i.e., Landau’s
critical velocity. This happens for three-dimensional ho-
mogeneous condensate in the thermodynamic limit at
zero temperature, that is this effect is not due to any
finite size effects or finite temperature effects.
The main mechanism of this creation process below
Landau’s critical velocity is that an impurity motion can
excite bogolons with low momenta for short time scale.
Only when one measures the steady-state excitation rate,
i.e., the average number of created excitations after in-
finitely long time, which is calculated by the number of
excitations divided by time, one sees that it behaves as
Landau predicted originally, i.e., the steady-state excita-
tion rate drops to zero below the speed of sound. Impor-
tantly, corrections from finite time do not vanish expo-
nentially, but decay only polynomial in time, rather slow
convergence. We thus expect that this is an observable
effect in trapped BEC systems as well.
Above the critical velocity, on the other hand, the main
contribution is not due to the stationary phase point in
the integrals (9,10) but due to bogolons around the mo-
mentum satisfying the condition: kξ = [(v/cs)
2 cos2 θ −
1]1/2. Combining with the inequality | cos θ| ≤ 1, we have
a necessary condition v/cs > 1 for this momentum to lie
in the integration interval. Otherwise, contribution from
low momenta kξ ≪ 1 dominates the integral.
8An interesting observation from our analysis is that
when the impurity speed is below the speed of sound,
the total number of created bogolons converges to a fixed
value N0(v/cs)−1 log[(cs+ v)/(cs− v)] after the impurity
moves for sufficiently large time interval. This value as a
function of impurity speed is even function and behaves
as N0[2 + (v/cs)2/3 + O((v/cs)4)] for sufficiently small
values of v/cs. The first term is nothing but the static
effect evaluated in III C 3, and the second term predicts
that creation of bogolons increases quadratic in the im-
purity speed for slow impurity motions.
A key fact in our results is that two limits do not com-
mute with each other: One is t → ∞ and the other is
v → cs from above and below. If one takes the limit
t → ∞ first, one may observe non-analytical behavior
for the average number of crated bogolons as Eq. (14).
This expression only tells us that there is no bogolons
created average in time at and below Landau’s critical ve-
locity. However, one cannot conclude whether or not we
have created bogolons in these two cases v ≤ cs. Our fi-
nite time analysis shows that bogolons are indeed created
even below Landau’s critical velocity and furthermore it
grows logarithmically in time at this critical velocity.
2. Validity of assumptions
Here we discuss some of assumptions made in our anal-
ysis. First, the effective Hamiltonian (4) [32]. The as-
sumption to derive it is that a coupling between an im-
purity and bosons is weak so that impurity effect can
be treated as a perturbation. This effective Hamiltonian
becomes good approximation when the total number of
bosons and the size of the system are sufficiently large.
However, this large N and V limit needs further clarifica-
tion since the system of the homogenous condensate plus
an impurity may not be a homogeneous system in the
thermodynamics limit [34]. Generally speaking, when an
impurity immersed in BECs, it produces condensate de-
formation and should change some of macroscopic as well
as microscopic properties of BECs, such as the dispersion
relation, speed of sound, and so on [29–31]. In this pa-
per, we do not include this condensate deformation since
we are interested only in the response of homogeneous
condensate against an impurity perturbation. That is to
start with the homogenous ground state for the unper-
turbed Hamiltonian. This assumption of treating the im-
purity as a small perturbation is valid if we consider weak
coupling between the impurity and the BEC. Strength of
the coupling strongly depends upon a specific choice for
impurity species and BECs and we can choose a system
satisfying our assumption.
Second, large time asymptotic analysis to derive our
results. With our convention, time is measured by ξ/cs.
For usual BEC systems, this number is rather small, typ-
ically on the order of 10−5 sec. Comparison with numer-
ical analysis implies 100ξ/cs ∼ a few m sec is already to
be considered as large time when v is not too close to
cs. This time scale is within a possible range for current
experiments with trapped BECs and it is in principle
possible to measure critical behaviors analyzed in this
paper.
Third, the point-like impurity assumption. In our anal-
ysis we consider an impurity with zero-size limit. Size of
the impurity in general should give rise to observable ef-
fects. As stated above, a small impurity creates local de-
pletion of condensate and this is more visible as the size
of impurity becomes bigger. Within our assumptions, the
present model Hamiltonian does not change the critical
velocity as discussed in Sec. IVA4 below. This result
also suggests that our treatment needs to be refined to
take into account these effects properly when we are in-
terested in the effect due shapes and size of impurities.
Last, neglect of back reaction onto the impurity. This
assumption needs to be verified carefully if one is inter-
ested in observing creation of excitations from very slow
impurity motions. In this case there will be also an ef-
fective potential for the impurity acting from BEC. It
may be necessary to cancel a force from this potential
by applying additional force on the impurity externally.
It becomes more difficult to maintain the constant speed
for the impurity. Thus our result is only valid for small
coupling to the impurity, yet its speed needs to be not
too slow. Effects of back reaction onto the impurity have
richer physics, and we shall report progress on this front
in due course.
3. Choice of initial condition
Throughout our analysis, we consider a situation where
an impurity starts to move at finite initial time t0 in the
homogeneous condensate. This initial condition seems to
be very crucial to obtain our result. The other possible
initial condition is to take t0 → −∞ limit. In this case,
however, one needs to use a standard mathematical trick,
an adiabatic factor, given by exp(ηt) with η a small pos-
itive number going to zero at the end of calculations. In
this way, the integral (8) converges in t0 → −∞ limit.
With this standard treatment, one can show that the oc-
cupation number (7) does not have any time-dependence
and thus no dynamics for bogolons created from a uni-
form impurity motions.
This latter choice of initial condition t0 → −∞ needs
to be further clarification when one considers a linear mo-
tion. This is because one needs to have infinite volume
size for the condensate from the beginning in order for the
impurity to moves infinitely remote past. Switching off
of impurity effect adiabatically also needs to be justified.
Our expectation without any detail calculations is that
any impurity motion accompanying acceleration creates
bogolons and one cannot simply represent this process by
the adiabatic factor only. This is based on our prelim-
inary analysis on radiation from periodic motions of an
impurity, such as dipole oscillation and circular motion
[35]. Rather we need to examine dynamical effects due
9to the impurity motion with an explicit time-dependent
trajectory, such as ζ(t) = vt[tanh(γt) + 1]/2 with γ a
parameter. Additionally, we need to check if our result
is due to a sudden acceleration from some fixed posi-
tion to a uniform motion. The trajectory in this case
is given by ζ(t) = ζ0(=constant) for t1 > t ≥ t0 and
ζ(t) = v(t− t1)+ ζ0 for t ≥ t1 with an additional param-
eter t1 at which the impurity starts to move. Further
investigations need to investigate this issue, which is left
for future study.
4. Finite impurity size effect
If we consider a finite size impurity, we need to mod-
ify our result within our model as follows. We first re-
place an impurity density by some distribution such as
the Gaussian distribution, the window function, the Pois-
son distribution, and so on. The Fourier transformation
of this distribution is then to be integrated over time
interval [t0, t] in Eq. (8). For typical distributions men-
tioned above, the integral (8) is written as
I~k(t) = gǫ(
~k)
∫ t
t0
dt′ eiωkt
′
− i~k · ~ζ(t′), (32)
where gǫ(~k) is some function depending only on ~k and
ǫ represents a parameter for sharpness of the impurity
distribution such that limǫ→0 gǫ(~k) = 1 holds in the
limit. The Gaussian case, for example, reads gǫ(~k) =
exp(−ǫk2).
Critical behavior obtained for the point-like impurity
case is then valid for the finite impurity case as well. The
additional effects are solely contributed from a particular
form of gǫ(~k). If the function gǫ(~k) is not singular within
the integration interval, most of results will not change
qualitatively. In particular, the scaling in time and the
value of critical velocity are same. Further analysis needs
to obtain more quantitative statement and this will be
reported elsewhere.
5. Consistency with Landau’s argument
In Landau’s argument, one can derive a simple conse-
quence: If an impurity in a fluid moves slower than the
speed of sound, there cannot be any excitations created
by the impurity motion.
The simplest derivation of this statement assumes that
the total momentum, i.e., the fluid plus the impurity, is
conserved before and after the interaction between the
fluid and impurity. Consider the situation where the
fluid is at rest initially and some excitations are created
after the interaction with the impurity. We then derive
a simple inequality by an another assumption of non-
increasing in the total energy as
1
2
miv
2
i ≥
1
2
mi(~vi − ~p/mi)2 + E(~p), (33)
where ~vi is the initial velocity of impurity, mi is impu-
rity mass, and ~p and E(~p) are momentum and energy of
the fluid after the interaction. With a straightforward
calculation, we obtain the following inequality
~vi ·~p ≥ E(~p). (34)
Landau’s expression (1) is thus obtained as a minimal
condition to satisfy the above inequality [36].
Apparent inconsistency between Landau’s argument
and our result can be resolved if we notice a simple
fact: Our model does not satisfy assumptions made in
Landau’s argument. One of them is the conservation of
the total momentum. Our model Hamiltonian (2,3) do
not conserve the momentum operator for the Bogoliubov
model. This is due to the fact that we do not take into
account any impurity dynamics and the impurity moves
without any back reaction from the condensate. Thus
we need to study back reaction to the impurity to satisfy
the conservation of total momentum and this is left for
further investigation.
Another assumption that is not satisfied is the energy
assumption. Again, because the impurity moves along a
given trajectory, the total Hamiltonian does depend on
time in general. This is the situation in which we are feed-
ing energy into the condensate and thus time-dependent
process cannot be explained by Landau’s argument. For
our uniform motion of the impurity, one may argue that
the Galilei transformation with the same speed turns the
problem into the static one. As discussed before, we take
the initial condition as finite time t0 in our calculation.
This prohibits an application of the Galiei transforma-
tion. If we impose the infinite remote past condition
t0 → −∞ together with t→∞ limit, on the other hand,
we can work in a reference frame where the impurity is
pinned. In this case, we again obtain the infinite limit
case as in Sec. III A and we do not observe any dynamics
in creation of excitations in the BEC.
Having the above considerations, we conclude that
Landau’s argument cannot be a priori applied to our
model. Hence, there is no surprise if we have finite num-
ber of Bogoliubov excitations created from impurity mo-
tion below Landau’s critical velocity. The surprise is in
fact that Landau’s argument predicted critical behavior
of created bogolons and this happens at the same critical
impurity speed.
B. Linear response analysis
In this subsection, we briefly discuss the result ob-
tained from the linear response theory. We treat the
interaction Hamiltonian as a small perturbation the den-
sity of the condensate fluctuates due to impurity motion.
This density fluctuation measured from the expectation
value without any impurity is expressed in the thermo-
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dynamic limit as
δρ(~x, t) = gin
∫
d3k
(2π)3
ǫk
~ωk
× [− iI~k(t) e−iωkt+ i~k ·~x + iI∗~k (t) eiωkt− i~k ·~x
]
, (35)
with I~k(t) given by Eq. (8). In the following, we give the
main result only without detail calculations.
For the finite initial condition, or simply set t0 = 0, the
density fluctuation does not show any critical behaviors
across v = cs. Choose some point in space, say ~x = 0,
we apply similar asymptotic analysis to get
δρ(~x = 0, t) ≃ gin
(2π)2Mc2sξ
3
1
β
t−3, (36)
for sufficiently large time tcs/ξ. This asymptotic behav-
ior which are same for all values of impurity speed can
also be checked with numerical integration of Eq. (35)
directly.
For the standard treatment of linear response theory,
we impose the initial condition at t0 → −∞ limit to-
gether with the adiabatic factor mentioned in IVA3. In
this case, we have instead
δρ(~x = 0, t) = −2ngi
~
∫
d3k
(2π)3
ǫk
~ωk
× {P cos[~k · (~vt− ~x)]
ωk − ~k ·~v
+ δ(ωk − ~k ·~v) sin[~k · (~vt− ~x)]
}
,
(37)
where P denotes the Cauchy’s principal value. Appear-
ance of dirac delta function in the second term makes
the fluctuation sensitive to Landau’s critical velocity as
analyzed in Sec. III A. This can be reflected by imag-
inary part of the Fourier transformed frequency space,
i.e., Im{δρ(~x = 0, ω)}. However, as discussed earlier in
this section, the term δ(ωk−~k ·~v) only captures different
behaviors above Landau’s critical velocity, but does not
provide any information about different scaling behaviors
below, at, and above the critical velocity.
To conclude the result from linear response analy-
sis, we think that the density fluctuation is not enough
to analyze critical velocity for BECs in agreement with
Refs. [5, 6].
C. Comparison with previous results
We now compare our results with some of previously
known results in literature. We note that there are many
different results and some of disagreements among them
seem to arise because of not making clear distinction be-
tween different aspects of the problem, model-dependent
result, different properties of superfluidity, etc. One also
needs to be careful when to compare the result obtained
for a specific model to other models. Therefore, we only
discuss the results obtained for similar model analyzed
in this paper.
1. Comparison with stability analysis
In Ref. [5, 6], Kato and Watabe analyzed the autocor-
relation function of the local density defined by
I(~x, ω) =
∑
~k 6=0
|〈~k|ψˆ†(~x)ψˆ(~x)|gs〉|2δ(ω − ωk), (38)
where |gs〉 is the ground state of the system, i.e., conden-
sate, and ωk denotes the excitation spectrum measured
from the ground state energy, see Eq. (1) of Ref. [5].
They analyzed scaling behavior in frequency for suffi-
ciently small ω and observed different scaling behaviors
for below or at the critical velocity. This regime corre-
sponds to large time asymptotic behaviors analyzed in
this paper. In the rest of subsection, we only highlight
differences from their results.
Importantly, we are investigating the total number of
created Bogoliubov excitations and hence different quan-
tities. Indeed exponential factors obtained in this paper
are different from their result. Since their main interest
is stability of the condensate around the uniform flow,
they have not analyzed scaling above the critical veloc-
ity, where the solution is no longer stable. Above the
critical velocity, the system is of course unstable and we
have to be careful when extrapolating the result to large
values of v ≥ cs. We, however, think that the system
remains quasi-stable for modest values of v > cs. This
is based on our preliminary analysis where the depletion
of condensate calculated in this model is suppressed even
above the critical velocity for sufficiently large conden-
sate, yet further detail analysis needs to prove it.
2. Comparison with Casimir type force
Robert and Pomeau analyzed drag forces due to an
obstacle placed in the BEC [18, 19], see also the result for
one dimensional systems [20, 21]. The drag force acting
on the BEC is defined by
~F = −
∫
d3x〈ψˆ†(~x)|[~∇ρi(~x)]|ψˆ(~x)〉, (39)
with ρi(~x) a stationary distribution of the impurity.
Based on the generalized Gross-Pitaevskii equation which
takes into account the impurity localized at some po-
sition, that is classical condensate wave function is no
longer homogeneous, they showed that a finite drag force
exists at arbitrary small velocity of flow.
The common feature between their result and ours is
that we have measurable effects even below the critical
velocity. Note that creation of excitations does not im-
mediately imply friction, that is our result does not tell
if there exists finite force acting on the impurity or not.
Disagreement is, on the other hand, their statement
about interpreting the calculated force as Casimir force.
They explicitly stated that there should be no excita-
tions created below Landau’s critical velocity, yet finite
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amount of force arises due to what they called “scatter-
ing of zero-temperature quantum fluctuations” [18], like
as in the ordinary Casimir effect. We suspect without
any detail calculations that their obtained force is par-
tially due to the interaction with excitations with low
momenta since they do have finite number of excitations
below the speed of sound.
3. Fermi’s golden rule for finite time
Lastly, we comment of the usage of Fermi’s golden
rule to calculate the decay rate, which was mentioned
in Sec. III A. Recently, Fermi’s golden rule for finite time
was analyzed by Ishikawa and Tobita [38]. They ana-
lyzed scattering processes without taking infinitely re-
mote past and future limit. They also pointed out some
of physics will be changed whether we take t→∞ limit
first or large wave packet size limit. Although their anal-
ysis is totally different, it may be interesting to see their
modified Fermi’s golden rule with finite time corrections
provides a similar conclusion as obtained in this paper.
Another interesting question would be to study relativis-
tic Cherenkov radiation with our finite time analysis and
to ask if there exists a similar critical behavior.
V. SUMMARY AND OUTLOOK
In this paper, we have confirmed that there can be a
finite number of Bogoliubov excitations created in the
BEC from a uniform impurity motion even below Lan-
dau’s critical velocity, which is the speed of sound. Im-
portantly, our result was obtained for the homogenous
three-dimensional condensate at zero temperature. Our
result suggests that one should not count the number
of excitations created as a function of impurity speed
as opposed to previous experimental results [7–11]. In
this case, one can never observe critical behavior for fi-
nite time experiments around this critical velocity, see
FIGs. 1, 2. In this paper, we have proposed a different
way of observing critical behaviors, that is to measure the
number of excitations as a function of time interval for
which the impurity travels. This kind of experiments is
expected to show completely different scaling behaviors
for below, at, and above Landau’s critical velocity. In
summary, the transient excitations due to the impurity
motion reveal more transparent meaning for Landau’s
critical velocity rather than looking at the steady-state
excitation rate.
It is important to examine whether we can observe
different scaling behaviors for other types of trajecto-
ries, such as rotations with a constant angular veloc-
ity or dipole-like oscillation with a constant frequency.
Based on a similar analysis presented in this paper, our
preliminary investigation shows indeed critical behaviors
depending on its “speed.” Because the speed of the impu-
rity is not uniquely defined by a single time-independent
quantity for general motions other than the uniform mo-
tion, the notion of speed needs to be clarified or to find
critical values for other quantities. This matter will be
presented in future publication separately.
One question we have not addressed so far is a re-
lationship to the onset of superfluidity. From our re-
sult, different scaling behaviors might be used as one of
the measure to detect superfluidity in one sense, that
is there are only constant amount of excitations in the
BEC for infinite time limit if the impurity speed is be-
low the critical speed. However, the presence of con-
stant number of excitations does not immediately im-
ply frictionless motion for the impurity, in particular,
this is because the constant obtained in this paper,
N0(v/cs)−1 log[(cs + v)/(cs − v)], is a function of the
impurity speed. Thus, it is necessary to analyze back
reaction to the impurity in order to check the onset of
frictionless motions, which is more directly related to the
phenomenon of superfluidity. This deserves to further
investigation and we plan to analyze it in due course.
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